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Final Exam (closed book, closed notes) D Terin, 2010

Show all work needed to reach your answers. You may use any theorem we discussed in class,

but cite any theorem you use. [ ) {
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1. (30 points) Suppose A= [i _1 :| Oéf(l) — "Zu-‘/'-'-‘ ”é‘} 4 Z / ]

(a) Please find the general solution for ' = Az. " 21 ( o Jy
for N2 A-NT=A+2T =[] [ => v,{e] madltple

A ,\1;‘3/ 4-%11""' -3T =[‘1 -%I = sz[clj
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General Solution: z(t) = Zt[ ] "’"‘ c 8 [ J

(b) Please find a fundamental matrix for ' = Az.
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Fundamental Matrix: ®(¢) = 1{ e 2t e ¢

(c) Please draw a rough sketch of #.¢ -
. the pha.se dlagram for this system.
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2. (15 points) Suppose that =’ = A(t)z with

a0 ={ 5 V]
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where a and b are periodic with period 47. If py = 1/4 is one F ltiplier for this
system, please find another Floquet multiplier. Also, what can bge s out the stablhty
of the trivial solution z = 07
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3. (21 points) Consider the ODE z’ = — f(¢,z) where V ¢, f(¢,%) > 0 when = > 0; f(t,z) <0
when z < 0; and f(¢,0) = 0. Suppose that the initial condition is z(0) = 0. Sox =01is a
solution to this IVP.

(a) If f is Lipschitz continuous w.r.t. z, what theorem guarantees that = = 0 is the only

solution? ﬁﬁc”{“z; méé]( %{@

(b) If f is not Lipschitz continuous w.r.t. z at x = 0, please explain why the solution
2 = 0 is still unique.

Proof: To see that z = 0 is the unique solution, suppose 3 £; > 0 such that

X [t Y30 - Wolog (without loss of generality), suppose X (¢ ’ @ Since z is
differentiable on (0, ¢;), it must also be Cn?‘,‘n Zoufon this interval, so let Zy be

¢ +1
the largest value of ¢t < #; such that-' (t,) =0 and X(¢) >£D){,y Z: </fL Z‘,

Notice that ¢ be positive, but at a minimum, f, = 0.

Now by pedh Vi Ae ﬂ/Zm since x is

z(ty) = x(t‘)-@x(z,) = x (e




4. (24 points) Please define/describe/state each of the following:
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(b) integrating factor -"";OT
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5. (10 points) Suppose that z(t), y(¢) and z(t) satisfy the system

'

N 8
[T

What can be said about any solution to this system?
Please explain. @
Let Véx2)=/"=- xtyZzt . Lnce Fhyz)-<vz i
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